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Abstract
In this paper, the forced response of multi-layered elastic waveguides is addressed.
The formalism uses global wave modes as a projection basis. These global modes are
numerically constructed from the local wave modes of the layers within the frame-
work of the modified wave finite element (MWFE) method. The method uses a dy-
namic substructuring scheme which allows the dynamics of each layer cross-section
to be projected onto a reduced local wave mode basis with appropriate dimension. The
MWFE method is used to predict the forced response of multi-layered systems. The
convergence of the model with regard to the size of the wave mode basis is discussed.
Numerical simulations and comparisons with standard techniques show the pertinence
of the model.
Keywords: multi-layered systems; forced response; wave finite elements; dynamic
substructuring; global wave modes; local wave modes.
1 Introduction
Multi-layered systems are extensively used in many engineering areas (automotive
and aeronautic fields among others). Such systems constitute interesting light and
stiff solutions for mechanical product design. Understanding and predicting their
vibratory behavior has raised much interest in the literature. The Finite Element
Method (FEM) [1, 2] is the most employed tool to deal with the dynamic behavior
of such structures. Nevertheless, excessive computational cost associated with large
size model resolution, involved in time response calculation for instance, constitutes
one major limitation of the method; another limitation of the FEM is related to model
reduction aspects where the convergence of the standard reduced modal basis is not
necessarily satisfied, a priori, in the short wavelength domain. As an alternative, the
dynamic analysis of multi-layered systems based on wave mode descriptions seems
interesting since it requires the treatment of relatively small models whose sizes are
related to cross-section dynamics only. The technique appears particularly well suited
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for the short wavelength domain as the dynamics of systems can be accurately de-
scribed by highly convergent reduced bases containing the essential wave motions [3].
A numerical technique for wave mode description in slender systems with simple
or complex cross-section has been proposed by Mead [4,5] and Zhong & Williams [6].
The technique is based on a classic 3D finite element scheme of a typical cell and pro-
vides wave properties solving either a quadratic or linear eigenvalue problem. The
formulation, termed Wave Finite Element (WFE), has been applied to elastic sys-
tems [7, 8], pipes with internal fluid [3] and laminates [9]. The WFE formulation
appears optimal to describe the dynamic behavior of homogeneous systems. This is
explained because the structural/acoustic fields can be projected onto specific reduced
bases which contain non-dependent eigenvectors and whose dimension correlates the
global vibration scale of the cross-section. On the other hand, the formulation can
suffer from numerical issues when multi-layered systems are dealt with, because it
provides wave bases whose dimension overestimates the dynamics of the global cross-
section. This is especially verified when the layers exhibit multiscale behavior. In this
case, the wave mode bases contain dependent vectors – namely the physical motions
and a set of spurious modes – which generate singular problems. To solve the WFE
difficulties, a dynamic substructuring technique, allowing the dynamics of each layer
cross-section to be projected on a local wave mode basis with appropriate dimension,
has been proposed in ref. [10]. The formulation, termed Modified Wave Finite Ele-
ment (MWFE), allows the global wave modes of a given multi-layered system to be
constructed from the local wave mode bases attached to the uncoupled layers.
The use of the MWFE formulation to predict the forced response of multi-layered
systems is the main object of this paper. In Section 2, we recall the classic wave fi-
nite element (WFE) technique and discuss on the numerical issue of the method. The
MWFE formalism, as derived in ref. [10], is presented in Section 3. In Section 4, we
apply the MWFE formalism to describe the forced response of systems. The Neumann
to Dirichlet problem associated with the formulation is established. Numerical simu-
lations and comparisons with standard FE techniques are finally presented in Section
5.
2 WFE formulation
2.1 Statement of the elastic problem
The study is based on a bounded elastic and dissipative slender structure, as illustrated
in Figure 1, composed of an arbitrary number (say M) of connected straight homo-
geneous layers with constant cross-sections. The global heterogeneous structure is
assumed to vibrate linearly, under harmonic excitation at the frequency ω/2pi, around
a static equilibrium taken as the reference configuration.
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Figure 1: Illustration of a multi-layered elastic system with a rectangular cross-section.
A typical subsystem of length d extracted from the global multi-layered system is
used (see Figure 1). The finite element model of this local subsystem leads to the
following standard dynamic equilibrium equation:
Dq = F, (1)
where D denotes the dynamic stiffness operator of the discretized subsystem; q and
F are the displacements and the forces defined at the subsystem degrees of freedom
(DOFs). Here, the left and right boundaries of the subsystem are assumed to contain
the same nodal distribution: the number of DOFs for each boundary is denoted n.
Since internal nodes, i.e. which do not belong to the left and right boundaries, are not
excited, the dynamic equilibrium (1) can be condensed to give [11]:
uR = SuL, (2)
where uL = ((qL)T (−FL)T )T and uR = ((qR)T (FR)T )T are (2n×1) state vectors and
subscripts L and R refer to the left and right boundaries, respectively. S is a (2n× 2n)
symplectic matrix given by
S =
[
−(D∗LR)
−1D∗LL −(D
∗
LR)
−1
D∗RL −D
∗
RR(D
∗
LR)
−1D∗LL −D
∗
RR(D
∗
LR)
−1
]
, (3)
where D∗ denotes the condensed dynamic stiffness operator. The eigenvectors and
eigenvalues of S, namely {Φj}j and {µj}j , are solutions to the following problem:
SΦj = µjΦj , |S− µj I| = 0. (4)
The WFE technique is based on the direct estimation of parameters {(µj ,Φj )}j ob-
tained by solving (4). The WFE formulation is recalled hereafter.
2.2 Wave mode description
We assume that the global system is composed of N identical connected subsystems
along axis x (see Figure 1). As discussed above, we also assume the mesh compatibi-
lity between subsystems at coupling interfaces. In this sense, the coupling conditions
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between two consecutive subsystems k and k − 1 write [11]
u
(k)
L = u
(k−1)
R k = 2, . . . , N, (5)
which, according to Eq. (2), leads to :
u
(k)
L = Su
(k−1)
L k = 2, . . . , N. (6)
The analysis of the dynamic behavior of the global periodic system is based on Bloch’s
theorem [12], which states that the solutions uL are of the form
u
(k)
L = µu
(k−1)
L k = 2, . . . , N. (7)
Inserting (7) into (6) leads to the linear eigenvalue problem (4). The parameters
{(µj,Φj)}j=1,...,2n refer to the wave modes of the global system. The wave mode
matrix, namely Φ, can be partitioned as
Φ =
[
Φincq Φ
ref
q
ΦincF Φ
ref
F
]
, (8)
where the subscripts q and F refer to the displacement and force components, respec-
tively; the superscripts inc and ref refer to the modes which are incident to - and
reflected 1 by - a specific boundary (left or right) of the waveguide, respectively;Φincq ,
ΦincF , Φ
ref
q and ΦrefF are square (n× n) matrices.
The wave formulation established above constitutes the framework of the WFE
formulation and appears well suited for predicting the spatial distribution of the kine-
matic variables along the global system. The technique is based on the expansion of
either u(k)L or u
(k)
R on a reduced wave mode basis {Φ˜j}j=1,...,2m extracted from the
global wave mode basis {Φj}j=1,...,2n (m ≤ n) [3]:
u
(k)
L = Φ˜Q˜
(k) , u
(k)
R = Φ˜Q˜
(k+1) k = 1, . . . , N, (9)
where Q˜ are the modal amplitudes which can be partitioned into incident and reflected
components as Q˜ = ((Q˜inc)T (Q˜ref)T )T . Those components can be obtained via the
following governing equation:
Q˜inc(k) = µ˜k−1Q˜inc(1) , Q˜ref(k) = µ˜−(k−1)Q˜ref(1) k = 1, . . . , N+1 (10)
with the boundary conditions
Q˜ref|lim = C˜Q˜
inc|lim + F˜ (11)
Here, µ˜ is the diagonal eigenvalue matrix associated with eigenvectors {Φ˜j}j=1,...,m;
C˜ and F˜ denote the diffusion matrix and the effects of the excitation sources [3]. In
general, to ensure the validity of the expansion (9), the reduced modal basis must
contain the modes which are the most solicited by the excitation.
1This refers to the waves which “appear reflected” by the boundary and which include effective
reflected modes, as well as transmitted and excited modes.
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2.3 Discussion
Due to the boundary value problem (10), the WFE technique consists of projecting the
displacements and forces onto wave bases of the form {Φ˜j}j to describe the forced
response of systems. The practical implementation of the WFE method consists of
meshing a typical cross-section with a sufficient number of nodes to “correctly cap-
ture” the cross-section dynamics within a given frequency band. This practical routine
was successfully applied to homogeneous systems [11], as each part of a typical cross-
section exhibits approximately the same vibratory behavior.
Difficulties arise when multi-layered systems are considered, as a typical cross-
section contains parts whose dynamic behavior can greatly differ. This is observed
for instance in sandwich beams with a soft core (rubber) surrounded by two stiff skins
(steel). In this case, mid-frequency (MF) behavior of the core and low-frequency (LF)
behavior of the skins coexist. To apply the WFE formalism, the mesh density of the
global cross-section is usually chosen to be sufficiently rich to account for the MF
behavior of the core. As a result, the dimension of eigenvalue problem (4) can greatly
exceed the sum of the layer dimensions and spurious high order wave modes, whose
eigenvalues are extremely large or close to zero, are then generated. This leads to
numerical pollution effects (we refer to ref. [10]) and a poor convergence of eigenvalue
problem (4) for wave mode extraction.
Those issues can be numerically highlighted by considering the case of a three-
layered sandwich beam, with a rectangular cross-section (see Figure 2), consisting of
a soft rubber core (layer 2) surrounded by two stiff steel skins (layers 1 and 3). Here,
the skins have the same characteristics: height and width, along the z− and y− axes,
are h1 = h3 = 2 × 10−3m and 50 × 10−3m respectively, while Young’s modulus,
density and Poisson ratio are E1 = E3 = 2.1 × 1011Pa, ρ1 = ρ3 = 7850kg/m3
and ν1 = ν3 = 0.3 respectively. The core exhibits the following characteristics:
height and width, along the z− and y− axes, are h2 = 20 × 10−3m and 50 × 10−3m
respectively, while Young’s modulus, density and Poisson ratio are E2 = 1.5×106Pa,
ρ2 = 950kg/m3 and ν2 = 0.3 respectively. The global system considered through
the WFE formulation is assumed to be dissipative — this is modeled by means of a
similar loss factor η = 0.01. The wave mode parameters of the system are numerically
evaluated with the WFE formulation, considering the finite element model of a typical
subsystem extracted from the global multi-layered waveguide. Such a subsystem is
shown in Figure 2 and reflects the three coupled layers. The length of the subsystem,
along the direction of wave propagation (x−axis), is d = 2 × 10−3m and is chosen
to be small enough with regard to the wavelengths of the significantly contributing
wave modes within the given frequency band [3]. Both layers 1 and 3 (steel skins) of
the subsystem are meshed with four linear block elements while layer 2 (soft core) is
meshed with sixteen linear block elements. Within the WFE framework, this relatively
coarse mesh should be appropriate to yield the classic LF modes of the global system
and the first cross-section modes which are associated with the local dynamics of the
core cross-section.
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Figure 2: Illustration of a multi-layered elastic system with a rectangular cross-section.
In brief, it can be emphasized that several “quite similar” longitudinal wave modes
are generated by the WFE formulation: this is highlighted in Figures 3 and 4 where
the classic longitudinal mode and a cross-section mode (i.e. which cuts on at a specific
frequency) exhibit approximately the same nature around 600Hz. Here, the depen-
dency between these two modes is clearly established. Spurious dependent modes are
then generated by the WFE formulation. Those modes cause numerical pollution ef-
fects and a lack of convergence of the formulation. The issue can be solved when the
dynamics of each homogeneous layer is expanded on a local wave mode basis with
a suitable dimension. In the present work, this local basis reflects the waves travel-
ing in the layer decoupled from its surroundings and is attached to the finite element
model of the associated homogeneous subsystem with free interface. In this sense,
the global wave mode basis of the multi-layered system can be constructed using
classic substructuring techniques. The method, termed Modified Wave Finite Element
(MWFE), is described below.
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Figure 3: Displacement components (real parts) of the wave mode shapes at 600Hz: (a)
classic longitudinal mode; (b) cross-section longitudinal mode.
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Figure 4: Force components (real parts) of the wave mode shapes at 600Hz: (a) classic
longitudinal mode; (b) cross-section longitudinal mode.
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3 Modified Wave Finite Element (MWFE) formulation
3.1 Local wave mode description
We consider a typical multi-layered subsystem k of the global waveguide (see Figure
1). In the present work, the subsystem is assumed to represent a set of M connected
straight homogeneous layers, whose left and right boundaries are denoted respectively
as {SiL}i and {SiR}i : for each layer i (i = 1, . . . ,M), the surfaces SiL and SiR, are
assumed to contain the same number of DOFs (see Section 2.1), say ni. Let us denote
as Γi the coupling interface between each layer i and its surroundings, that is, the set
of coupled layers {j}j 6=i.
The MWFE formulation consists in constructing the global wave mode basis {Φj}j ,
attached to the heterogeneous multi-layered subsystem k, from a set of reduced local
wave mode bases {{Φ˜ij}j=1,...,2mi}i, having specific dimensions {2mi}i (mi ≤ ni ∀i)
and attached to the set of homogeneous layers {i}i with free interfaces {Γi}i. For each
uncoupled layer i, the reduced basis {Φ˜ij}j=1,...,2mi is assumed to support the cross-
section (either SiL or SiR) dynamics within the given frequency band and is extracted
from the full local basis {Φij}j=1,...,ni which is obtained using the WFE formulation
(see Eq. (4)):
SiΦij = µ
i
jΦ
i
j , |S
i − µijI| = 0 i = 1, . . . ,M. (12)
where Si is a (2ni × 2ni) symplectic matrix which is expressed from the dynamic
stiffness matrix Di of uncoupled layer i. The reduced local wave mode matrix, say
Φ˜i, can be typically expressed from the (ni× 2mi) matrices Φ˜iq and Φ˜iF, reflecting the
displacement and force components:
Φ˜i =
[
Φ˜iq
Φ˜iF
]
i = 1, . . . ,M. (13)
The construction of the global wave mode basis {Φj}j , from the set of reduced local
wave mode bases {{Φ˜ij}j=1,...,2mi}i, is based on a substructuring scheme which is
discussed below.
3.2 Underlying substructuring scheme
The substructuring scheme associated with the MWFE formulation is fully presented
in ref. [10]. The formalism is briefly recalled hereafter.
The dynamic equilibrium of the set of coupled layers is written
[
Dlocal +Dcoupling
] q
1
.
.
.
qM
 =
 F
1
.
.
.
FM
 , (14)
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where Dlocal is a (2
∑
i n
i × 2
∑
i n
i) block diagonal matrix expressing the dynamic
stiffness matrices of uncoupled layers and Dcoupling is a (2
∑
i n
i× 2
∑
i n
i) coupling
matrix expressing the inertial, elastic and damping forces between layers. {qi}i are
the displacements of the layers; F i stands for the restriction of the global forces F to
each layer i, which is expressed from the forces Fi applied to the uncoupled layer as
 F
1
.
.
.
FM
 = [I+ Ecoupling]
 F
1
.
.
.
FM
 . (15)
The continuity of the forces {F i}i at coupling interfaces {Γ1}i is provided by (15),
while the local forces {Fi}i are not necessarily continuous.
Following what was previously presented for the WFE approach (see Section 2.1),
the dynamic equilibrium equation (14) of the subsystem is reformulated into a state
vector representation of the form (2):

q1R
.
.
.
qMR
F1R
.
.
.
FMR

= S

q1L
.
.
.
qML
−F1L
.
.
.
−FML

, (16)
where
 F
1
R
.
.
.
FMR
 = G∗
 F
1
R
.
.
.
FMR
 and
 −F
1
L
.
.
.
−FML
 = G∗
 −F
1
L
.
.
.
−FML
 . (17)
The matrices S and G∗ are provided by Eqs. (14) and (15) and are detailed in ref. [10].
S is a (2
∑
i n
i × 2
∑
i n
i) matrix [10] which is not symplectic a priori. The sub-
structuring scheme provided by Eqs. (16) and (17) is interesting compared to the
classic model (see Eq. (2)) as it allows the local kinematic variables (displacements
and forces) of each layer cross-section to be considered independently from the sur-
roundings. Specifically, the method seems interesting for constructing the global wave
modes of the multi-layered system from a set of local wave mode bases attached to the
layers with free interfaces {Γi}i and whose dimensions can be individually tuned to
“fit” with each cross-section dynamics. This constitutes the framework of the MWFE
formulation presented below.
8
3.3 Construction of the global wave mode basis
3.3.1 Global wave mode problem
Considering the coupling conditions between two consecutive subsystems k − 1 and
k, established for each layer i as
q
i (k)
L = q
i (k−1)
R and −F
i (k)
L = F
i (k−1)
R k = 2, . . . , N i = 1, . . . ,M,
(18)
and considering, according to Bloch’s theorem [12], wave solutions {Φj}j of the form
(7) in Eq. (16) leads to the following eigenvalue problem
S

(Φq)j|1
.
.
.
(Φq)j|M
(ΦF)j|1
.
.
.
(ΦF )j|M

= µj

(Φq)j|1
.
.
.
(Φq)j|M
(ΦF)j|1
.
.
.
(ΦF)j|M

, |S − µj I| = 0, (19)
where (Φq)j|i and (ΦF)j|i are (ni × 1) vectors which represent the restriction of the
(n×1) global mode components (Φq)j and (ΦF)j to SiL or SiR. Furthermore, expressing
Eq. (17) in terms of wave mode components allows us to define the set {(ΦF)j|i}i as (ΦF)j|1...
(ΦF)j|M
 = G∗
 (ΦF)j|1...
(ΦF)j|M
 , (20)
which is related to the set of forces {Fi}i applied to the layers with free interfaces.
Note that the natures of {{(ΦF)j|i}j}i and {{(ΦF)j|i}j}i are quite different since they
describe the wave force characteristics applied to the coupled and uncoupled layers,
respectively. Eq. (20) provides the continuity of {{(ΦF)j|i}j}i at {Γi}i, which cannot
be verified by {{(ΦF)j|i}j}i a priori.
Hereafter, the global wave modes {Φj}j are constructed from reduced local bases
{{Φ˜ij}j=1,...,2mi}i = {{Φ˜
1
j}j, {Φ˜
2
k}k, . . . , {Φ˜
M
l }l} attached to the homogeneous un-
coupled layers and having specific dimensions {2mi}i. An eigenvalue problem to
determine the global wave mode characteristic is then derived.
3.3.2 MWFE modeling
This MWFE modeling consists in constructing the global wave modes {Φj}j from a
set of reduced local bases {Φ˜i}i with specific dimensions {2mi}i, that is:
(Φq)j|i =
∑
l=1,...,2mi
αijl(Φ˜
i
q)l , (ΦF)j|i =
∑
l=1,...,2mi
αijl(Φ˜
i
F)l i = 1, . . . ,M. (21)
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The expansion (21) is natural as both global and local wave component sets {(ΦF)j|i}i
and {{(ΦiF)l}l}i reflect the forces applied to the uncoupled layers. Also notice that
the continuity of the global wave force component set {(ΦF)j|i}i at coupling inter-
faces {Γi}i is provided by Eq. (20), which enforces the convergence of the modeling.
According to (21) and (20), the construction of the global wave modes {Φj}j can be
established as follows:
(Φq)j|1
.
.
.
(Φq)j|M
(ΦF)j|1
.
.
.
(ΦF)j|M

= Bαj , (22)
where B is given by
B =
[
I 0
0 G∗
] [
Φ˜localq
Φ˜localF
]
(23)
and expressed from the following (
∑
i n
i × 2
∑
im
i) matrices Φ˜localq and Φ˜localF
Φ˜localq =

Φ˜1q 0 . . . 0
0 Φ˜2q . . . 0
.
.
.
.
.
.
.
.
.
.
.
.
0 0 . . . Φ˜Mq
 and Φ˜localF =

Φ˜1F 0 . . . 0
0 Φ˜2F . . . 0
.
.
.
.
.
.
.
.
.
.
.
.
0 0 . . . Φ˜MF
 .
(24)
In Eq. (22), {αj}j stands for the set of (2
∑
im
i × 1) generalized coordinate vectors,
αj =

α
1
j
α
2
j
.
.
.
α
M
j
 , αij =

αij1
αij2
.
.
.
αi
jmi
 i = 1, . . . ,M (25)
which has to be determined in the MWFE context by means of the substructuring
scheme described earlier. The methodology is described as follows: Inserting Eq. (22)
into eigenvalue problem (19) results in the following (2∑i ni × 2∑imi) overdeter-
mined system:
SBαj = µjBαj (26)
which can be reduced to a square (2
∑
im
i × 2
∑
im
i) when it is multiplied by BTJ,
that is
BTJSBαj = µjB
TJBαj (27)
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where
J =
[
0 I(2
∑
i
ni)
−I(2
∑
i
ni) 0
]
. (28)
The problem is supposed to be well-conditioned because (i) it is homogeneous and not
partitioned into displacement and force components, (ii) the local wave mode matrices
{Φ˜i}i are supposed to be normalized by means of the adimensioned Hermitian norm
[10]. The set of modal participations {αj}j can be evaluated by solving a classic
eigenvalue problem
SMWFEαj = µjαj , |S
MWFE − µj I| = 0, (29)
where
SMWFE =
[
BTJB
]−1
BTJSB. (30)
The invertibility of the matrix [BTJB], which appears on the right hand side of Eq.
(30), can be verified if the matrix B does not contain dependent vectors: this is pre-
sumed to be true when the dimension of each local basis {Φ˜ij}j does not overestimate
the dynamics of each layer i.
The eigenvalue problem (29) is central to the MWFE formulation. Given a set
of reduced local bases {{Φ˜ij}j}i having appropriate dimensions, the formulation con-
sists in finding the eigenvalues {µj}j , which describe the global wave mode velocities,
and the eigenvectors {αj}j , providing the restrictions of the global wave mode shapes
{{Φj|i}i}j to the surfaces {SiL}i or {SiR}i by means of Eq. (22).
The advantages of the MWFE formulation compared to the WFE formulation are:
• The size of the eigenvalue problem (29) corresponds to a sum of dimensions
which exactly capture the dynamics of the layer cross-section: dependency
among eigenvectors is removed and the essential behavior is captured;
• The size of the eigenvalue problem (29) is generally smaller than the classic
eigenvalue problem (4) (see Section 2.3), allowing a reduction of the numerical
cost;
• All the components of SMWFE are homogeneous and are not partitioned into dis-
placement and force components: the problem of the ill-conditioned classic op-
erator S is removed, a priori.
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4 Forced response calculation
4.1 Generality
In the MWFE framework, the kinematic variables can be defined as:
UL =

q1L
.
.
.
qML
−F1L
.
.
.
−FML

, UR =

q1R
.
.
.
qMR
F1R
.
.
.
FMR

. (31)
This leads to a description of the global system quite similar to Eq. (6), that is
U
(k)
L = SU
(k−1)
L , U
(k)
R = SU
(k−1)
R k = 2, . . . , N. (32)
Also, let {ΦMWFEj }j denote the global modes obtained via the MWFE method, that is
ΦMWFEj =

(Φq)j|1
.
.
.
(Φq)j|M
(ΦF)j|1
.
.
.
(ΦF)j|M

such that ΦMWFEj = Bαj j = 1, . . . , 2
∑
i
mi. (33)
The framework of the MWFE model consists in expanding the state vectors UL and UR
onto the global wave mode basis constructed via the formalism, that is
U
(k)
L =
[
Φ˜MWFE
]
Q˜(k) , U
(k)
R =
[
Φ˜MWFE
]
Q˜(k+1) k = 1, . . . , N, (34)
where [Φ˜MWFE] denotes the matrix of the relevant LF and MF global modes extracted
from the full (2
∑
i n
i×2
∑
im
i) wave mode matrix [ΦMWFE] which is obtained via the
MWFE formulation. Partitioning [Φ˜MWFE] into displacement and forces components,
as well as incident and reflected wave components, gives
[Φ˜MWFE] =

[
Φ˜MWFE
]inc
q
[
Φ˜MWFE
]ref
q[
Φ˜MWFE
]inc
F
[
Φ˜MWFE
]ref
F
 , (35)
where [Φ˜MWFE]incq , [Φ˜MWFE]incF , [Φ˜MWFE]refq and [Φ˜MWFE]refF are matrices of the same dimen-
sion; the subscripts q and F refer to the displacement and force components, respec-
tively. Here, the notations inc and ref provide a local description of the system and
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denote the waves which are incident to - and reflected by - a specific boundary, re-
spectively. In theory, the matrices [Φ˜MWFE]incq , [Φ˜MWFE]incF , [Φ˜MWFE]refq and [Φ˜MWFE]refF are
linked through the following relationship[
Φ˜MWFE
]inc
q
=
[
Φ˜MWFE
]ref
q
,
[
Φ˜MWFE
]inc
F
= −
[
Φ˜MWFE
]ref
F
. (36)
Also, the diagonal eigenvalue matrix µ˜inc of the incident modes are linked to the diag-
onal eigenvalue matrix µ˜ref of the reflected modes through the following relationship
µ˜
inc =
(
µ˜
ref
)−1
= µ˜. (37)
Eqs. (36) and (37) are provided by the state vector representation (31) and will be
used to enforce the duality between incident and reflected waves, which is not per-
fectly verified in practice as numerical dispersion effects can occur. In brief, the wave
mode extraction process consists for instance in calculating incident modes and char-
acterizing the reflected modes from Eqs. (36) and (37).
Invoking (32) and (37) into (34) provides the governing equation of the system
Q˜inc(k) = µ˜k−1Q˜inc(1) , Q˜ref(k) = µ˜−(k−1)Q˜ref(1) k = 1, . . . , N+1, (38)
where Q˜inc and Q˜ref are the amplitudes of the incident and reflected modes, respec-
tively. Eq. (38) provides the spatial distribution of the modal amplitudes along the
system from Q˜inc(1) and Q˜ref(1) which are expressed from the boundary conditions.
For instance, Dirichlet and Neumann boundary conditions write q = q0 and F = F0
which, in state vector representation results in[
I 0
]
U = Lq0 (Dirichlet condition)[
0 I
]
U = ±LF0 (Neumann condition) (39)
Here, L is a Boolean operator which links the DOFs of each layer cross-section to the
DOFs of the global cross-section, that is q
1
.
.
.
qM
 = Lq ,
 F
1
.
.
.
FM
 = LF. (40)
Hereafter, we express Q˜inc(1) and Q˜ref(1) for the Neumann to Dirichlet problem.
4.2 The Neumann to Dirichlet problem
We consider a force field F0 and a displacement field q0 applied to the left and right
ends of the system, respectively. The Neumann to Dirichlet problem can be stated as
follows:
For k ∈ {1, . . . , N + 1}, find Qinc(k) and Qref(k) such that
Q˜inc(k) = µ˜k−1Q˜inc(1) , Q˜ref(k) = µ˜−(k−1)Q˜ref(1) (41)
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and [
0 I
]
U1L = −LF0 (42)[
I 0
]
UNR = Lq0
The boundary conditions are provided by (42). Invoking (34), (35) and (36), those
conditions are expanded on the wave basis to give[
Φ˜MWFE
]inc
F
Q˜inc(1) −
[
Φ˜MWFE
]inc
F
Q˜ref(1) = −LF0, (43)[
Φ˜MWFE
]inc
q
Q˜inc(N+1) +
[
Φ˜MWFE
]inc
q
Q˜ref(N+1) = Lq0,
According to (41), (43) gives[
Φ˜MWFE
]inc
F
Q˜inc(1) −
[
Φ˜MWFE
]inc
F
Q˜ref(1) = −LF0, (44)[
Φ˜MWFE
]inc
q
µ˜
N
Qinc(1) +
[
Φ˜MWFE
]inc
q
µ˜
−N
Q˜ref(1) = Lq0,
This leads to the following matrix form[
I −I
µ˜
N
µ˜
−N
](
Q˜inc(1)
Q˜ref(1)
)
=
 −([Φ˜MWFE]incF )+ LF0(
[Φ˜MWFE]incq
)+
Lq0
 , (45)
where + denotes the left pseudo-inverse. The matrix on the left hand side of (45)
appears badly conditioned as the ratio between the maximum value of µ˜−N and the
minimum value of µ˜N , or vice versa, can be extremely large. Without loss of general-
ity, ‖µ˜‖max < 1 which can be verified for modes propagating towards the right end of
the system [11]. In this sense, the system (45) can be rewritten to a more convenient
way to give[
I −µ˜N
µ˜
N
I
] [
I 0
0 µ˜
−N
](
Q˜inc(1)
Q˜ref(1)
)
=
 −([Φ˜MWFE]incF )+LF0(
[Φ˜MWFE]incq
)+
Lq0
 . (46)
Here, the first matrix on the left hand side of (46) is a priori well conditioned; the
second matrix on the left hand side of (46) is diagonal and can be inverted without
difficulties. The resolution of (46) gives(
Q˜inc(1)
Q˜ref(1)
)
=
[
I 0
0 µ˜
N
] [
I −µ˜N
µ˜
N
I
]−1 −([Φ˜MWFE]incF )+LF0(
[Φ˜MWFE]incq
)+
Lq0
 . (47)
Eq. (47) provides the modal amplitudes Qinc(1) and Qref(1) at the left end of the sys-
tem. This gives from (41) the spatial distribution of the modal amplitudes along the
system, and provides from (34) its dynamical behavior. Numerical verification of the
MWFE model provided by (47) is the main object of the following section.
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5 Numerical simulations
The vibratory behavior of a sandwich beam, consisting in a soft core surrounded by
two stiff skins, is numerically evaluated. The characteristics of a typical subsystem
of the structure are similar to those depicted in Section 2.3. The global length of the
beam is 0.4m and is generated using N = 200 subsystems. The system is illustrated
in Figure 5: it is clamped at the right end over the global cross-section and excited at
the left end over the bottom skin cross-section. Axial and transverse loads, as depicted
in Figure 5, are individually studied. Those loads numerically describe surface force
fields applied over the skin cross-section uniformly.
Figure 5: Finite element model of the global system, whose right end is clamped and whose
bottom part of the left end is excited by axial or transverse load.
The solutions provided by the MWFE and WFE formulations are compared to-
gether and are compared with standard FE simulation in the frequency band Bf =
[100Hz , 1500Hz]. The MWFE solutions are provided by Eq. (47) while the WFE
solutions are provided by the alternative system(
Q˜inc(1)
Q˜ref(1)
)
=
[
I 0
0 µ˜
N
] [
I −µ˜N
µ˜
N
I
]−1 −(Φ˜incF )+ F0(
Φ˜incq
)+
q0
 , (48)
where Φ˜ denotes the matrix of the global modes obtained via WFE.
5.1 Construction of the global modes using the MWFE formula-
tion
In the MWFE framework, the global modes are constructed from the local modes of
the layers. Those modes are supposed to significantly contribute to the dynamics of
the system within Bf . For each layer (skin and core), the local wave basis contains
the classic propagating and evanescent modes and the cross-section modes which cut
on or are close to cut on within Bf . In the present case, the numbers of local modes
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are m1 = m3 = 6 for the skins and m2 = 30 for the core, so that the dimension of
the MWFE problem is 2(m1 +m2 +m3) = 84 and appears significantly smaller than
the dimension of the WFE problem, say 2n = 210. The global modes are obtained
from eigenvalue problem (29). Four relevant propagating modes – say longitudinal,
shearing, propagating flexural and evanescent flexural – with regard to the type of
excitation which is considered, are described in Figure 6 at 100Hz.
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Figure 6: Global wave mode shapes (real parts of the displacement along the axis x) ob-
tained from the MWFE formulation at 100Hz: (a) longitudinal; (b) shearing; (c) propagating
flexural; (d) evanescent flexural.
5.2 Dynamic behavior of the system under axial load
The sandwich structure is excited at the left end by an axial load (x−direction) over
the bottom skin cross-section (see Figure 5). The dynamic response of the left end in
the x− direction, at the center of the bottom skin cross-section, is numerically evalu-
ated using standard FE, WFE and MWFE.
The WFE and MWFE formulations are first compared when only 4 global modes are
used to predict the dynamics of the system. The results are provided in Figure 7.
The lack of convergence of the WFE formulation is clearly established above 600Hz.
This is explained because each wave mode solution obtained via WFE reveals dis-
similar natures over Bf . Changes into wave motion natures are inherent to the WFE
formulation and are caused by wave mode dependency [10]. The LF behavior of the
longitudinal mode is omitted in the high frequency range, so that the wave mode ba-
sis is not consistent to describe the dynamics of the system. On the other hand, the
MWFE solution is coherent with FE simulations within Bf . The formulation provides
the first two principal resonances of the system and provides a global estimate of the
vibratory levels above 1000Hz. It is to be emphasized that the MWFE formulation
slightly overestimates the resonance frequencies of the system as it generally overes-
timates the wave velocities. Those pollution effects may be related to the density of
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the cross-section mesh and/or to the size of the local wave mode bases.
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Figure 7: Frequency response of the sandwich beam under axial load: (a) WFE with 4 modes
(–x–) compared to FE (—–); (b) MWFE with 4 modes (–o–) compared to FE (—–).
In a second step, we have applied the WFE formulation using 40 significant LF
and MF modes. The WFE wave basis contains the classic propagating modes as well
as the cross-section modes which cut on or are close to cut on within Bf , so that the
basis is supposed to be sufficiently rich to accurately provide the required dynamics.
Also, we have applied the MWFE formulation using 10 significant propagating and
cutting-on cross-section modes. The results are provided in Figure 8. Here again, the
WFE formulation suffers a lack of convergence. This is explained as LF classic wave
motions are omitted by the formulation as spurious high order solutions are preferen-
tially selected. On the other hand, the MWFE formulation provides an estimate of the
dynamic behavior of the system below 1000Hz and predicts additional resonances
around 700Hz. High order resonances are not predicted by the formulation as it de-
scribes global modes which are consistent with the dimension of the local bases. In
this study, those bases are supposed to principally support LF behavior.
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Figure 8: Frequency response of the sandwich beam under axial load: (a) WFE with 40
modes (–x–) compared to FE (—–); (b) MWFE with 10 modes (–o–) compared to FE (—–).
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5.3 Dynamic behavior of the system under transverse load
Here, the sandwich structure is excited at the left end by a transverse load (z−direction)
over the bottom skin cross-section (see Figure 5). The dynamic response of the left
end in the z− direction, at the center of the bottom skin cross-section, is numerically
evaluated using standard FE, WFE and MWFE.
Here again, the WFE and MWFE formulations have been compared with standard
FE simulations. The results provided by the wave formulations using 4 significant
modes are given in Figure 9. Both WFE and MWFE formulations suffer a lack of con-
vergence. The WFE formulation accurately predicts five resonances below 1100Hz
which may be attributed to LF as well as MF wave motions. However, the method
provides erroneous solutions above 1100Hz as the dynamics of the global system
cannot be supported by LF wave motions. The MWFE formulation provides a global
estimate of the vibratory levels of the system over Bf . However, its convergence to
describe the resonance of the system appears weaker than WFE. The results provided
by WFE and MWFE, when 40 and 10 modes are respectively used, are given in Figure
10. The WFE formulation accurately describes the behavior of the system within Bf :
this is explained because the wave mode basis contains a sufficient number, say 40, of
LF and MF modes. On the other hand, the MWFE formulation generally provides the
structural resonance frequencies below 1200Hz when 10 global modes are used only.
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Figure 9: Frequency response of the sandwich beam under transverse load: (a) WFE with 4
modes (–x–) compared to FE (—–); (b) MWFE with 4 modes (–o–) compared to FE (—–).
5.4 Discussions
We have applied the WFE and MWFE formulations to describe the forced response
of a sandwich structure. It is to be emphasized that WFE and MWFE methods pro-
vide large numerical cost savings compared to standard FE simulations. The lack of
convergence of WFE has been clearly established when axial excitation is considered.
The WFE method also involves large size wave bases to correctly capture the LF struc-
tural motions. This can be justified with regard to the varying frequency behavior of
each WFE mode. On the other hand, the MWFE formulation successfully describes
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Figure 10: Frequency response of the sandwich beam under transverse load: (a) WFE with 40
modes (–x–) compared to FE (—–); (b) MWFE with 10 modes (–o–) compared to FE (—–).
the dynamics of the sandwich structure within [100 Hz , 1200Hz] when 10 modes
are used only. This is explained in particular because the formulation correctly pro-
vides the LF wave motions within Bf . The lack of convergence of the method may
be related to the size of the local wave mode bases to construct the global modes and
which should ideally fit with the local cross-section dynamics at each frequency step.
6 Conclusion
The wave propagation in multi-layered elastic systems has been numerically studied.
It was emphasized, when multiscale behavior between layers is considered, that the
wave finite element (WFE) formulation is inefficient to capture the essential global
wave motion behavior. To solve this issue, a dynamic subtructuring scheme, allow-
ing the global wave modes of systems to be constructed from a set of reduced local
wave mode bases, has been proposed. The formulation, termed modified wave finite
element (MWFE), allows the classic wave motions to be correctly captured. We have
applied the MWFE formulation to describe the forced response of multi-layered sys-
tems and we have presented the related Neumann to Dirichlet problem. Numerical
WFE and MWFE simulations involving a sandwich structure under axial and trans-
verse loads have been proceeded. The lack of convergence of the WFE formulation
to describe the response of the axially loaded structure has been emphasized. The
MWFE formulation provides the resonance frequencies of the system in the LF do-
main and provides a global estimate of the vibratory levels at higher frequencies. The
formulation suffers from slight numerical pollution effects, a priori attributed to the
size of the local wave mode bases chosen for global mode construction, which could
be investigated in further works.
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